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Let V(G), E(G), and 1 G 1 denote respectively the vertex set, the edge set, 
and the number of vertices of a finite undirected graph G without loops or 
multiple edges. A subgraph H of G is called a unique subgraph if it is 
isomorphic to no other subgraph of G. A graph G will be called m-uniquely 
reducible if deleting m or fewer edges of G always results in a unique 
subgraph of G. The largest integer m for which G is m-uniquely reducible is 
denoted by r(G). For a given integer n, r(n) will denote max{r(G): 1 G ( = n}. 
For convenience, l-uniquely reducible graph will be called uniquely 
reducible. 
In a recent paper [l] by Entringer and Erdbs, the question of determining 
or finding an estimate for r(n) was raised. A graph G with exactly one edge 
is trivially uniquely reducible. By examining all graphs on five or fewer 
vertices, one can see that the only uniquely reducible graphs with less than 
6 vertices are the trivial ones. Figure 1 shows some nontrivial uniquely 
reducible graphs on 6 vertices. 
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FIGURE 1 
Our object is to show that for any graph G which is a tree or forest, 
r(G) < 1 and to characterize some of the uniquely reducible cyclic graphs. 
We have no example of a m-uniquely reducible finite graph for m > 2 
although we do present an example of an infinite tree which is m-uniquely 
reducible for an arbitrary m > 2. 
We recall that the degree of a vertex U, denoted by V(V), is the number of 
edges adjacent to o and u is called an end vertex if V(U) = 1. The following 
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two lemmas are useful in determining isomorphisms between two 
subgraphs of a graph. 
LEMMA 1. If G is uniquely reducible and a vertex v in G is adjacent to 
end vertices a and b, then a = b. 
For, if a # b, then the two subgraphs G\{va} and G\{vb} of G are 
isomorphic under the transposition mapping (ab). 
LEMMA 2. (i) If a graph G has distinct vertices a, b, c, u such that 
ab, bc, cu E E(G), v(a) = V(U) = I, and v(b) = 2, then r(G) < 1. 
(ii) y G has distinct vertices a, b, c, u, v such that ab, bc, uv, 
UC E E(G), v(a) = V(U) = 1, and v(b) = V(V) = 2, then G is not uniquely 
reducible. 
For, in Case (i) G\{ab, bc} and G\{ab, cu} are isomorphic under the 
transposition (bu), and in Case (ii) G\(ab) and G\(uu) are isomorphic 
under the permutation (au)(bv). 
The following proposition (proof omitted) reduces the question of 
determining r(n) to the consideration of connected graphs only. 
PROPOSITION 1. If G,, G2,..., Gk are the connected components of 
a graph G, and if r(Gi) = mi, i = l,..., k, then r(G) < m where 
m = min {m, ,..., mk>. 
In Fig. 1, we have seen some of the uniquely reducible graphs. Figure la 
is a nontrivial uniquely reducible graph with minimal number of vertices 
and edges. In general, if we replace the triangle by a polygon in this 
graph, it is possible to determine the conditions in order that such a graph 
be uniquely reducible. Thus, let n > 3 and consider a graph on n + 3 
vertices a, ,..., an+3 , where a, ,..., a,, form an n-sided polygon while 
ala,+, , ai+lan+2, and a,+,a,+, constitute the remaining three edges with 
1 < i < n - 1. We will denote such a graph by G[n, i]. In the case n = 3 
and i = 1 or 2, we get the graph of Fig. la above. We state below a 
characterization of uniquely reducible graphs among these, the proof of 
which consists of a straightforward case-by-case verification. 
~oPosITIoN 2. A graph G[n, i] for n > 3 is uniquely reducible zfl one 
of the following holds. 
(i) n is odd and n > 5, 
(ii) n = 5 and i = 1 or i = 4, 
(iii) n is even and i # n/2. 
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Although we do not have an example of a finite graph G for which 
r(G) 3 2, the following theorem implies that such a graph must be 
necessarily cyclic. 
THEOREM. If T is a finite tree, then r(T) < 1. 
Proof. Let a be an end vertex of a longest path P in T. The case 
where l(P) = 2 can be trivially disposed of (where 1(P) denotes the length 
of the path P). Let ab, be, cd be three edges in P. Since l(P) has maximum 
value in T, Lemmas 1 *and 2 now imply that v(b) = v(c) = 2, if T is 
Zuniquely reducible. However, in this case T\{ab, cd} and T\{bc, cd} are 
isomorphic. The contradiction thus implies that (T) < 1. 
As a consequence of this theorem and Proposition 1, we have 
COROLLARY 1. For any forest F, r(F) < 1. 
An example of a uniquely reducible tree on 7 vertices a, ,..., a, is the 
graph T with E(T) = {ala, , a24 , a,a, , u2u5 , a54 , a,+~,}. 
We conclude by showing that the above theorem is not true if we allow 
infinitely many vertices. More precisely, given any integer m >, 2, we 
construct an infinite m-uniquely reducible tree as follows. 
EXAMPLE 1. Consider the tree T on countably many vertices 
a1,a2 ,..., a, . . . . with prescribed edges being a 1 a 2 ; a2a3 ; a3a4 ; a3a5,...,a3amf3 ; 
a4h4, a4h5 ,..., a,a,,+, ; etc. The edges have been prescribed such that 
the degrees of the vertices a,, a2 ,..., a, . . . . will be given by ~(a~) = 1, 
y(u2) = 2, and if 71 > 3, then ~(a,) = m + n - 2. We note that each a, 
in T is adjacent to exactly one ai for i < j and it is adjacent to m + j - 3 
vertices ak for j < k. We show that T is m-uniquely reducible. 
(a) r(T) < m + 1. The two subgraphs of T obtained by (i) deleting 
all the m + 1 edges adjacent to a3 and by (iii) deleting the m edges a3ai 
with 3 < i together with the edge ala2 are isomorphic under the mapping u 
where ~(a~) = a3 , u(a3) = a, , and a(~,) = a, otherwise. This shows that 
r(T) can be no larger than m. 
(b> r(T) 2 m. Suppose that two distinct spanning subgraphs HI 
and H, of T are isomorphic, and let u be the (nonidentity) isomorphism 
between HI and H, . We assume that HI , H, are both obtained by deleting 
II edges at a time. By degree considerations of vertices in HI and H, , 
we IIWt have u(ak) = ak for sufficiently large k. Let s be the integer such 
that a@,) # a, and u(ak) = ak for k > s. If any of the edges asat of T 
with s < t belongs to HI, then u(ut) = a, and a(~,) = uk for every ak 
adjacent to a, except perhaps a, would imply a@,) = a, . Thus, none of 
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the edges asat with s < t can belong to HI, and since there are m + s - 3 
such edges, we have IZ >, m + s - 3. Also noting that s > 2, we have 
n > m - 1. Thus, no two subgraphs of T obtained by deleting at most 
m - 1 edges can be isomorphic. 
Combining (a) and (b) we have the conclusion that r(T) = m. 
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